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Abstract
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growth, trading off between higher welfare and lowetilisr. Finally, we prove that a benevolent
government (which plays a Stackelberg game in the dedeatraconomy) is able to achieve the
optimal population growth rate, i.e. it behaves ast ifvere the social planner but allowing
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1 Introduction

The purpose of this paper is to investigate the longzamsequences of intra-generational tax
policies on both economic growtand welfare in a basic OLG model of neoclassical gnowmith
endogenous fertility behaviour. While the effects of riggenerational transfers and taxes on
economic growth and consumption in OLG frameworks Haeen largely studied dating back to
the seminal Diamond (1965), less attention has been pthé &ffects of intra-generational policies
on the young people in a context in which agents chooseally both the consumption/saving
path and the number of children. In general, it has Iseenetimes supposed in literature that
policies such as the reduction of taxes on labour incamiee introduction of labour subsidies may
have positive effects on capital accumulation (see,irfstance, Tullio (1987), Begg and Portes
(1993), Dréze and Malinvaud (1994), and Daveri and Tabellini (200@)e kecently Petrucci and
Phelps (2005) showed - in an OLG small open economy modekoélassical growth with
continuous time and endogenous labour-leisure choice dabatr subsidies are neutral for the
macroeconomic equilibrium, in the short as wellrathe long-run.
In this paper we show - in a Diamond OLG frame with CBlolorglas technology and preferences -
that proportional-to-wage labour subsidies (taxeshoatjh financed by (used for the financing of)
lump sum taxes (subsides) on the income of the young-adididuals at balanced budget, always
enhances (deteriorates) capital accumulation and owptther, provided a sufficiently high/low
capital's share in income, a welfare-maximising laboussiyttax is picked up. It should also be
emphasised the role played by these intra-generatianapolicies on the long-run population
growth: although agents’ fertility behaviours are indepaehdéthe wage rate, the subsidy (tax) rate
on labour income plays a direct role in reducing (augmghtihe agents’ optimal number of
children.
It is worth noticing that in the original Diamond’s mb#ath exogenous fertility, while it is known
that inter-generational transfers from the old peaplié¢ younger generation (e.g., higher taxes on
the income from capital and lower taxes on laboupadénced budget) may lead to faster capital
accumulation, intra-generational policies - involvingyotfile income of the young-adult people in a
purely redistributionary manner - taxing away income agtohting it as a labour subsidy (and
conversely), seems to be “neutral’” as regards botly lkam economic growth and welfare.
However, this paper proves, in presence of endogenoil#yfetthat intra-generational policies are
very “effective”.
As regards fertility choices, we prove that the relatamong the subsidy (tax) rate and the optimal
number of children is always negative (positive), and, thhen the capital’'s weight in technology
is relatively high, the wage subsidy rate may be usedtidypolicy maker for controlling population
growth, trading off between higher welfare and lowerilisrt
Further, “optimality” analysis reveals that a benewmblgovernment (which plays a Stackelberg
game in the decentralised economy) is able to achievegtimal population growth rate, that is it
behaves as it were the social planner but allowing indilsdoareely chose their optimal values of
both consumption levels and the number of childremhigh, for instance for ethical reasons, a
government does not pursue the goal of optimal population roate, but it only aims to
maximise the utility index resulting by the optimal indivals’ choices rather than the optimal
social behaviours, it obtains, surprisingly, the golder nimber of children by introducing
appropriate intra-generational tax policies.
These findings, at our knowledge, have not been so fdorexpin literature and constitute the
value added of the present paper.

Y In this paper the term economic growth always refierthe level (rather than to the rate of growth) of ltreg run
income, according to the terminology of the neoclasgjoowth theory (e.g. Solow (1956) and Mankiw et al. (1992))
In any case, needless to say, an increase in thelangutput level, implies a transitional increasghia rate of growth
as well.



The paper is organised as follows: in Section 2 we preBenhbdel and we investigate the effects
of the tax policies on capital, output, fertility a®livas welfare by also providing a normative
analysis. Concluding comments are in Section 3.

2 The M odel

We characterise a simple neoclassical OLG gromtitef - as in Diamond (1965) - with
endogenous fertility and intra-generational tax policiBlse economy is closed to international
trade and goods, capital and labour markets are competitiege TS no uncertainty. In the sequel,
we will show that seemingly neutral government intenegst which redistribute resources among
the younger generation have effects on both demographic aceconomic variables as well as
on the lifetime welfare of the representative gemnenafThe model is outlined as follows.

2.1 Individuals Agents have identical preferences and are assumedomghi® an overlapping
generations structure with finite lifetimes. Lifesgparated among three periods: childhood, young
adulthood and old-age. During childhood individuals do not nagilyedecisions. Adult individuals
belonging to generation, say, have a homothetic and separable utility function defineer o

consumption when young(') and old ¢,,,°) and from having childrenr(),3 as in Galor and Weill
(1996)* We suppose that rearing children requires a time qﬁs([O;L) per child. This hypothesis
results in an endogenous supply of labour: thergt®xn fact, a trade-off between working in the
labour market and raising children. Only young-adotlividuals (N,) join the labour force
devoting a fractiorh, =1-qn, of their time to work in the labour market witim being the share
of time spent to raising children. Each worker reee the market-clearing wagey() plus (minus)

a proportional-to-wage labour subsidy (tax) at¢bastant rates >0 (-1< o <0). In addition, 1)
if 0>0, lump-sum taxesz, > Pare levied by the government and used to finaheewage

benefit system at balanced budget (tax-cum-sulgsidigy, T/S henceforth); and 2) #1<o <0,
the labour tax is rebated in the economy and usethé financing of a lump-sum subsidy scheme
(7, <0) on the income of the younger generation at barmidget (subsidy-cum-tax policy, S/T

henceforth). The total income of each young-adudiividual is used to consume and to save.
During old-age agents are retired and live on tluegeds of their savingss() plus the accrued
interest at the rate,,,. The representative individual born at tirhés faced with the problem of
maximising the following logarithmic felicity funicn:

max{qy,cmo,nt} Ut(Cty’Cmo Ty ) = (1_ ¢)|n (Cty)"' oy (Ct+1o)+ pln (nt )’
subject to

Cty + Ct+1O /(1+ rt+1) =W, (1+ 0)(1_ an ) — Iy

where @[1(01) captures the relative weight of both periods cemstion (with @/(1- ¢) being the
rate of time preference), and > 0 represents the parents’ preference for childreameater. The

% Two reference textbooks are Azariadis (1993) and D@rbix and Michel (2002).
® Note that the number of children s =1 with n, —1 being the population growth rate (for simplicity, thertality

rate has not been included in the analysis). Some authctuding Samuelson (1975), us&d{,, / N, =1+ n with

N indicating the rate of population growth. Our approachised in most papers with endogenous fertility (see, for
instance, Abio (2003)).

“ Since one scope of this paper is to isolate theioelamong individuals’ fertility behaviour and tax policias,a first
attempt we ignore both the trade-off between child dtyaahd quality, and the assumption that parents maximise
utility of their offsprings, which has been employed tolakpeconomic growth and stagnation by - among others -
Becker et al. (1990) and Ehrlich and Lui (1991).
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higher ¢ the more individuals smooth consumption over tiamg] the higherp the more parents

are children-interested.
The first order conditions for an interior solutiare:

' =L lrne, ®
P ¢’

= [ . 2

" T1-p qw(i+o) @

Eg. (1) equates the marginal utility of current afudure consumption in terms of current
consumption, whereas eq. (2) equates the margtiay wf having a child with the involved
marginal costs in terms of forgone utility of congation.

Thus, by using (1) and (2) together with the irteanporal budget constraint, the optimal number of
children and the savings path are given by:

n = P dNt (1+ J)_Tt (3)
1+p qw(l+o)
S =1y Mlro)-nl. @

2.2 Firms There are two factors of production: physical itzdp(K) and labour [). The

representative firm owns a Cobb-Douglas technologywvhich both inputs are transformed into
1-a 5

consumption goods, that ¥ = AK,“L,"™ ,* where A>0 is a scale parameter amd1(0]) is the
capital's weight in technology. It hires aggregaipital stock as well as laboul € hN) -
according to their marginal productivity - to maxse profits. Defining k, := K, /N, and
y, =Y,/ N, as capital and output per-capita respectively,itbensive form production function
becomes:
Y, = Ak “h7. 5)

Assuming that final output is traded at a unit @riprofits maximisation leads to the following
marginal condition$:

= aA(kt /ht )a_l -1, (6)

w, = (1-a)Ak /h)". (7)

2.3 GovernmentThe government runs a balanced budget policyach goeriod. The proportional-
to-wage labour subsidy (tax) - at the constant m@ate0 (-1<0 <0) - is entirely financed by
levying and adjusting over time (used for the fitiag of time varying) lump-sum taxes,(> )0
(subsidies £, < 0) on the income of each young-adult individualrsas to balance out the budget.
Therefore, the tim&- government constraint is simply:
owh =1,. (8)

Note one important feature of the present model:haee deliberately chosen taxation policies
involving the income of the young-adult individuatsa purely redistributionary way only, that is

income taxed away from the young turned back tes#me individuals as a benefit for the hours of
work (and conversely). This feature is importartéaese in OLG models, as known dating back to

®> Adding exogenous growth in labour productivity does not aligradi the substantive conclusions of the model and,
hence, it is not included here.

® We have assumed that physical capital totally depreciater time, i.ed =1. This assumption is not unrealistic in
the present context, because as noticed by De La @ndisMichel ((2002), p. 338) “even if one assumes a rather low
annual depreciation rate of 5%, 79% of the stock of ahigitlepreciated after 30 years”.
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Bertola (1996) and Uhlig and Yanagawa (1996), taxeshe income from capital could lead to
faster economic growth since all savings are pewaol by young agents. Then, in the present
context, taxation policy does not cause any trarfsfen the old-age to the younger generation (as,
instead, it would have been the case with capi@me taxes); thus, the effects on both economic
growth and welfare should be entirely ascribecheoworking of the labour subsidies (taxes) rather
than to the intergenerational tax transfer channel.

2.4 The Optimal Number of Children and the Savipgth Substituting out eq. (8) into (3) and (4)
to eliminater, and solving forn and s respectively, yields:

GNP

n (a)_—q(1+a+ Pl 9

3(0)=0"7 w (10)
1+o+p

where g1+ 0)/(1+ 0 + p) represents the (constant) propensity to saves, Tiwlooking at (9) and
(10), it is evident that taxation policies distdotsth agents’ fertility choices and savings behawio
Further, eq. (9) implies that the optimal numbecloifdren does not depend on the wage rate but
only the subsidy/tax rate, and population is insigg over time (>1) if and only if

o <[p-q(1+ p)|/q, that is the labour subsidy (tax) must be suffidiesmall (high) for ensuring a

positive long-run population growth rate.

2.5 The Long-Run EquilibriumVWe now close the model to characterise the leimgequilibrium.
Given the government balanced budget equation, éspe(8)) and the economy’s resource

constraint,y, =c,” +¢,°/n_, +nk,,,, the market-clearing condition in goods as welirasapital
markets is given by the equality between savingsiavestments, i.e. wit® =1 and N,,, =n,N,
equilibrium impliesnk,,, =s,. Substituting out fom and s according to egs. (9) and (10), and
using eq. (7), capital evolves over time accordag

kea = Hl1-a)AL+o)(k /1), (11)
where u:=qg/ p. Steady-state impliek,,, =k, =k". By recalling thath=1-qn’ (o), the per-
capita long-run capital accumulation is the follog:d

. _ a _i 1+o0 1_—7
(o) lua-a)alur o) 02 @2)
Using eq. (12), the long-run per-capita outputiver by:
1-a
* * a 1+o0
=1k — . 13
v (0)= (0) EE1+J+,0} (13)

The effects of the wage subsidy/tax on both long-oapital accumulation and output are
summarised in the following two propositiohs:

" As regards stability, the analysis of eq. (11) is qualightisimilar to the original Diamond’s model with emggnous
fertility. In particular, 0K,,, / 0K, « o =@ <1 implying that in the neighbourhood of the steady-stiatetrajectory
will always be monotonic and convergent towards the ieguiln, whatever the value of the subsidy/tax rate.

® It is worth noting that ifo = 0 the standard results of the competitive economy witlextpolicies hold. The
building of the Diamond OLG model with endogenous fertdisywell as the derivation of its steady state outcames

terms of capital stockl(*c), output (y*c ), fertility rate (n*c) and Welfare\(/*c) are rather conventional and, thus, not
reported here for economy of space.
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Proposition 1. Letg >0 (-1< 0 <0). The T/S (S/T) policy always boosts (depreskedpnhg-run
capital accumulation, andt” (o) > k. (k' (o) <k’c) foranyo >0 (-1< o <0).

Proof. Differentiating eq. (12) with respect ® yields:

K (o)1+o+ plL-a))

o (0)_|a-a)ara)ara+p)

00 |-K(ofara+pl-a))

t-a)L+ofi+o+p)

Since k' (a) is a positive (negative) monotonic functionaffor any 0 >0 (-1<o0<0) and

k'(o)=k'c if and only if =0, it follows that k'(g)>k'. (k'(o)<k’c) for any 0>0

(-1<0<0).Q.E.D.

>0, if o>0

<0, if -1<0<0

Thus, any increase of the wage subsidy/tax raes/isvers the steady-state stock of capital.
Further, from Proposition 1 it emerges that und& TS/T) policy, the steady-state wage and
interest rate are respectively higher (lower) awler (higher) than the corresponding values in the
case of non-existence of tax policies. In the lomg-the savings rate, therefore, is always ine@as
(decreased) by the working of the T/S (S/T) polibgough two positive (negative) effects: 1) a
direct effect played by the subsidy (tax) rate lwpropensity to save (see eq. (10)) and 2) aytead
state indirect wage effect.

Proposition 2. Let 0 >0 (-1<0<0). The T/S (S/T) policy always enhances (detems)athe
long-run economic growth, any' () > y*. (y (o)< y'c) foranyo >0 (-1< o <0).
Proof. Differentiating eq. (13) with respect ® yields:
v (0al+ o)+ pli-a))
oy (0)_| W-a)i+o)t+o+p) -
oo - y* (0')(0’(1+ 0)+ p(l_a)) <0 if
L-a)i+o)t+a+p)

Since y’ (a) is a positive (negative) monotonic functionaffor any 0 >0 (-1<o0<0) and
y'(o)=y'c if and only if =0, it follows that y'(o)>y'c (y (o)<y'c) for any o>0
(-1<0<0).Q.E.D.

g>0

-1<o0<0

Proposition 2 says that any increase of the wagsidy'tax rate always enhances/deteriorates the
long-run economic growth.

The effects of the wage subsidy/tax on the longraia of fertility are described by the following
proposition:

Proposition 3. Let 0 >0 (-1< 0 <0). The T/S (S/T) policy always reduces (increages)ong-
run population growth rate, and (o) <n’c (n'(o)>n’c) foranyo >0 (-1< o <0).
Proof. Differentiating eq. (9) with respect @ yields:

-n'(o)

_~N9) o i 0

n'(o)_|rarg) 0 " 77

00 | 0(0) L4 it -1<0<0
+o+p)



Since n’ (a) is a negative (positive) monotonic functionaffor any 0 >0 (-1<o0<0) and
n'(o)=n"c if and only if 0=0, it follows that n'(g)<n". (n'(g)>n"c) for any >0
(-1<0<0).Q.E.D.

The result stated in Proposition 3 stems direatyrf the role played by . It says that the wage
subsidy/tax rate may be used as an instrumengethraing/increasing population growth evemif
does not depend on the wage. It is worth to nait #dithough the income of the younger generation
remains unchanged under both policies, these lakltexrys have effects on demographic as well as
macroeconomic variables.

2.6 The Lifetime Welfaréfter having discussed the economic growth amtlifg outcomes of the
model we turn to the welfare analysis, which hasnbearried out in terms of comparing steady
state paths of the lifetime welfare of the représtre generation, following - among many others -
Samuelson (1975). The steady-state young-adulolidge consumption are the following:

c*v<a>=<1—¢><1—a>{“—”j (o) a4

l1+o+p
and
1+o0 i) 2a-1
clo)=(l-a)A? ——— K (o). 15
O)=emti- {20 ] (o) (19
The government’s objective is to maximise the repnéative agent’s indirect utility with respect to
the wage subsidy/tax rate given his optimal chgices
max, V' (o) = (1- @)In(c (o)) + @in(c® (o)) + pIn(n" (0)). (16)
We may then proceed to analyse the relationship ngmi@bour subsidy/tax and welfare.
Differentiating (16) with respect to yields:

av*(a):O@ 1-¢ &c¥(0), ¢ oc(0), p an*(a):O 17)
ilog V(o) a0 (o) 90 n'(o) oo ’
or
(a_al)_a(az_a) — ;
V(o) _,_ |E-alaralirarp) " " 77 "

do _(o-a))-0o(a,-a) 0 if —1<o<0
(-a)i+o)i+o+p)
where a, = p/(l+¢) and a,:=(p+p)/(1+@+p) with a,>a,. The sign of (18) crucially
depends on the sizer (the capital’'s weight in technology) relative toose of¢ and p (the
consumption and the preference for children pararagespectively). o >a,, thenV*(a) is a
monotonic function ofg, whereas provided that < a,, V' (o) is an inverted U-shaped function.
In the latter case, the value of the wage subsigyéte which solves (18) is simply:
— _a-a
=0, = :
a,-a

By egs. (9) and (14)-(19), Proposition 4 follows:

(19)

Proposition 4. 1) Leta > a,. The T/S (S/T) economy is welfare-preferred (welfeorsened) with
respect to the competitive economy without taxcggsifor anyog >0 (-1< 0 <0).



2) Leta, <a <a,. The T/S economy is welfare-preferred to the cdithgeeconomy without tax
policies for any0< g < g°, and the government maximises the individual&ifife welfare if and
only if o =0, with g, >0. The S/T economy is welfare-worsened foraty o < 0.

3) Let a<a,. The S/T economy is welfare-preferred to the cdithge economy without tax
policies for anyog°° < g <0, and the government maximises the individual&titiie welfare if and
only if o = g, with -1< g, <0. The T/S economy is welfare-worsened for any0 .

Proof. If a >a,, 0V (0)/dc >0 (V' (0)/do <0) foranyo >0 (-1<o <0). Thus,V'(o) is
a positive (negative) monotonic function of for any 0 >0 (-1<0<0). Knowing that
V'(g)=V’. if and only if 6 =0, thenV'(g)>V'. (V'(o)<V".) for any 0 >0 (-1<o <0).
Thus the T/S (S/T) policy always improves (decsdbe lifetime welfare.

Provided thata < a,, 0V (a)/aa;o if JEJ\, for any o >0 (J;J\, for any —1< ¢ <0). This

implies thato = o, is a global maximum of () for any—1< g < +o.

Let a, <a <a,: by using (19) it follows thats, > 0. In this case, a) itz >0, thenV' (o) is a
positive (negative) monotonic function @f for any 0<o<g, (g>0,), and b) if-1<o <0,

thenV’ (o) is a negative monotonic function @f. Thus, knowing tha¥ (o) =V". if and only if
o =0, there exists one and only one value of the wagsidy rate, say = o° > g,,, such that
V*(0°)=V’c. Hence, ifg >0, thenV'(g)>V’. for any 0< g < o°, whilstV*(g) <V’ for any
o >0°, with V'(o)-V’c >0 being maximised if and only & =g, >0, while if ~1<0 <0,

thenV' (o) <V’..

Let a < a,: by using (19) it follows that 1< g,, <0. In this case, a) it 1< o <0, thenV (o) is

a positive (negative) monotonic functionaffor any -1<o <o, (0, <o <0), and b) ifo >0,

thenV’ (o) is a negative monotonic function @f. Thus, knowing tha¥ (o) =V". if and only if
o =0, there exists one and only one value of the wagerdte, sayoc =o°°<g,, such that
V' (0°)=V’.. Hence, if-1< 0 <0, thenV'(g)>V’. for any 0°°<o <0 and V' (o)<V’. for

any o <¢°°, with V' (g)-V'. >0 being maximised if and only & = o, , where -1< g, <0,

while if o >0, thenV'(g)>V".. QE.D.

Therefore, provided a sufficiently high capital gleti in technology ¢ > a,), the lifetime welfare

of the representative generation is always higlosvel) under T/S (S/T) regime than in the absence
of tax policies. Moreover, the higher and p are, the higher the capital weight in production

needed to achieve a higher welfare will®6Bhis means that the introduction of the T/S poigy
favoured by a low preference for children as weladow propensity to save. Otherwise, if the size
of the capital's share in income is sufficiently ain(relative to those of consumption and
preference for children parameters), two casespassible: i) moderate values af, that is

a, <a<a,,and i) low values ofr, that isa < a, . In the former case, the government maximises
the lifetime welfare under T/S policy by choosingappropriate wage subsidy rate, wher‘e!ééa)

iIs always worsened by the introduction of the Sélicy; in the latter case, instead, welfare is
maximised under S/T policy by fixing an adequatmlar tax, withV " (o) being always reduced by
the introduction of the T/S policy.

® This can be ascertained by showing tat, /0@ =0a,, /0p = 1/(1+ p+ ,0)2 >0.
7



2.7 A Graphical Illustration A qualitatively analysis, for parametric configtions chosen only for
illustrative purposes, may help us in evaluating flacome, welfare and fertility change along with
the level of the wage subsidy/tax rate.

Figure 1 clearly shows that under T/S (S/T) policg long-run income is always higher (lower)
than in the case of non-existence of tax polidiégure 2, instead, says that in the case of T/8)(S/
policy the long-run population growth rate is alwalpwer (higher) than in the absence of
taxes/subsidies. In particular, the fertility rasealways decreasing (increasing) with the wage
subsidy (tax) rate. Figure 2 also shows that whenntage benefit rate is fixed at a too high level,
population becomes stationary or it may even dserea

Figure 3 displays, in the case> a,, that the lifetime welfare is a positive monotofiaction of

o, suggesting that - if the capital’'s share in ineos sufficiently high - the policy maker should
choose a T/S policy fixing a wage subsidy as higieepossible such as to maximise the lifetime
welfare as well as economic growth (see Figur®©¥grall, Figures 1-3 clearly show that the policy
maker may choose the level of the labour subsidyrg to achieve as higher as possible output
and welfare levels compatible with the desired petjan growth rate - by keeping its budget
constraint permanently balanced. Thus, for higl#ues ofa relative to those o and p, the
wage subsidy rate may also be used as a paranoeteofitrolling population growth, once the
desired welfare level has been decided, following trade-off between higher welfare and low
fertility implicitly involved in the different behaours of welfare and fertility shown in Figures 2
and 3.

Besides, provided a sufficiently small capital weig production ¢ < a,) two cases are possible:

I) moderate values of , i.e. a, <a <a, and ii) low values otz , i.e. & < a;. In the former case, a
welfare-maximising wage subsidy rater £0) is picked up, whereas in the latter case, the
government maximises the lifetime welfare of th@resentative generation by choosing an
appropriate wage tax-1< o <0). Figure 4 depicts case i): it says that policykemsshould fix a
subsidy rate of about 62% in order to maximise arelf Finally, Figure 5 displays case ii), where,
in contrast with the former case, a tax rate ofuald% is necessary to achieve the maximum
welfare. This analysis suggests two interestingarém 1) the higherr (the lower the preference
for children parameterp) is, the more the introduction of a wage subsatg rather than a wage
tax rate is beneficial for the lifetime welfare,da®) while in the caser > a, the policy maker used
the subsidy rate for controlling the desired lewaidoth welfare and population growth, in the
other casesd, <a <a, and a <a,), where a unique welfare-maximising policy doestexhe
rate of population growth will univocally be detened by the welfare-maximising subsidy (tax)
rate. Hence, for moderate valuesmf(a, < a <a,), the government maximisag’ (a) under T/S
policy with a corresponding relatively low poputatigrowth rate, whereas provided a sufficiently
small value ofa (a <a,), welfare is maximised under S/T policy with aresponding relatively
high population growth rate.

[Figures 1 - 5 about here]

2.8 Optimality As in Samuelson (1975), and following also ARO@F3), optimality is defined here
as the allocation that maximises the steady stdity of the representative individual subjecttie
economy’s resource constraint. In particular, tleied planner faces with the problem of
maximising the following logarithmic felicity funicn:

max, . JU (¢”,c°,n)=(1-g)in(c? )+ gin(c)+ pin(n),
subject to

Ak?h " =¢Y +c°/n+nk,

whereh=1-qn.
The first order conditions for an optimal intergwlution are:

8



CO

> =1_in, (20)

@

c ¢ p k )
—+——=k+q{l-a , 21
n nil-g aft-a) [1—qnj D)

k a-1 _
aﬁ{l—qnj =n. (22)

Eq. (20) gives the optimal allocation between comstion of young-adult and old-age individuals.

It equates the social marginal utility of curremidafuture consumption in terms of current

consumption. Eg. (21) determines the optimal nunalbehildren by equating benefits and costs of
a marginal increase in the population growth ritgoarticular, the left-hand side of (21) gives the
marginal benefit of an increase in the number dldodn, while the right-hand side says that the
marginal costs of population growth must be spibag two terms: the first term represents the
capital that must be expanded in order for thetabfabour ratio to be maintained, plus the

production loss due to having supposed a timetoostaring children. Finally, eq. (22) determines
the golden-rule stock of capital.

Exploiting the first order conditions (20)-(22) anding the economy’s resource constraint yields,
respectively, the golden-rule number of childreradsnction of the basic parameters of the model,
the golden-rule per-capita stock of capital and dpémal social values of both young-adult and
old-age consumption, that is:

a,—-a

R = ————» 23
" dla, ~a) =)
Ker = (0’_:\)1—0 [ﬂl— qnGR)’ (24)
Cler = (1_ (0)(1_—ajneR Ker (25)
a
Cr = (I{l_—aj ?or Kgg, (26)
a

wherea, = (1+ @+ p)/(2+ @+ p) with a, > a, .*°

The constrained maximisation of the representatidevidual’s indirect utility (see eq. (16)) may
be interpreted as a Stackelberg game played byehevolent government in the decentralised
economy. In particular, the government is a Stdiekel leader with respect to individuals and firms
and, given the values of both periods consumpti®rwall as the number of children chosen
optimally by individuals, together with the mardimaoductivity conditions on capital an labour
obtained by the representative firm, and knowirgp ahat the lump-sum taxes (subsidies) on the
income of the young-adult agents is an endogenatiahble, it chooses a value of the wage subsidy
(tax) rate such as to maximise welfare, that is:

max, V' (o) = (1- @)In(c (o)) + @in(c® (o)) + pIn(n" (0)), (27)
subject to
T =owh,

)= 24 [wf1+0)-1],

1+ p

c°(o)= ¢ (1+r)wi+o)-1],

1+ p

cY(

Q

1% Note that if¢ and o approach zerogr, = 1/2. Thus,a, >1/2 for any ¢, p > 0.
9



n*(a)z o vv(1+a)—r ’
1+p| qwl+o)
where we recalh =1-qn’(o), with r andw being determined by egs. (6) and (7) respectively.
Differentiating (27) with respect to yields:
Vo) . oc=0g,=9"% (28)

0o a,-a
The value of the wage subsidy/tax rate as given(28) is exactly that one which solves the
government Stackelberg game.
We can now give the following proposition:

Proposition 5. 1) Provided thata, < a <a, (a <a,), the optimal population growth rate (OPGR
henceforth),n,, , is achieved by implementing a T/S (S/T) poliag. determined by the following
wage subsidy (tax) rate:
_a-a
Ca,-a
2) Given the solution of the Stackelberg game épg28)), the optimal wage subsidy/tax rate is
exactly that one which maximises the lifetime weliia the decentralised economy, that is:

Oy =0, an- (30)
Proof. 1) The proof straightforwardly derives by subtmag eq. (23) from eq. (9) and solving for
o . As regards point 2) the proof follows directlylbgking at (28) and (29RQ.E.D.

(29)

JnGR

Eqg. (30) gives the optimal value of the wage sudtaa rate such that,, =n’ (0'). Thus, provided

that a, <a<a, (a<a,) a benevolent government is always able to achieeegolden-rule
number of children by implementing a welfare-masimg T/S (S/T) policy, fixing the subsidy
(tax) rate ato = g,, .
Given egs. (24)-(26) the indirect utility function
V(n) = (1- g)in(c?er)+ @in(cocr) + pin(n),

iIs maximised if and only if

ov(n) _ _

o 0 = Nn=ng.
If a>a,, thenv(n) is a negative monotonic function of the numbectafdren for anyn >0 (see
Figures 6 and 3). In this case, as it can be sgelodking at Figure 6, the optimal number of

children isng, = Q On the contrary, provided that< a,, V(n) is an inverted U-shaped function
of n with V(n) being maximised if and only ifi = ng,. In this latter case, it emerges that for
moderate (low) values of the capital’'s share irome, i.e.a, <a <a, (a <a,), under T/S (S/T)
policy, a benevolent government is able to picknifo) = n., by setting the welfare-maximising
wage subsidy (tax) at the rate=o,, > (0 =0, with —1<¢g, <0). For a graphical illustration
of the comparison of both positive and normativaelgses, see Figures 4 and 7 respectively as
regards the case, <a <a, (T/S policy), and Figures 5 and 8 respectively tlhee casea < a,
(SIT policy).

[Figures 6 - 8 about here]
The remarkable result is thdte benevolent government (Stackelberg game), vdoel not have

the OPGR target, by choosing the welfare-maximigiage subsidy (tax) rate in the decentralised
economy, behaves as if it were the social planseegards the achievement of the OPGR.
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In other terms, the T/S - S/T policies implemenbgdthe benevolent government not such as to
achieve ng,, but for obtaining the maximum welfare allowingdividuals to freely choose their

optimal number of children, are always capableitl pp a OPGR value as well, provided that the
capital’'s weight in production is not too high.

Note that our findings imply that to achieve thelgof the optimal social number of children is not
necessary to assume the presence of a social plaaneng an explicit OPGR target (e.g., a
dictatorial imposition of the optimal social numhsrchildren, see for instance the case of China),
but, on the contrary, it is sufficient the intertien of a benevolent government with the
decentralised individual's lifetime utility targédtrough simple intra-generational redistributionary
tax policies on the income of the younger genenatidhen the wage subsidy/tax rate is fixed at its
welfare-maximising value, the number of childreeelly chosen by individuals is exactly that one
chosen by the social planner. This does not raigeethic concern involved with the birth control
issue.

3 Concluding Comments

This paper has examined the steady state coesegs (on the long-run income and the lifetime
welfare) of the introduction of intra-generatioriak-cum-subsidy/subsidy-cum-tax policies in a
basic OLG neoclassical growth context, in particditecusing on the role of endogenous fertility
choices. We have found, surprisingly, that evethef policies we have investigated do not involve
any saving-enhancing inter-generational tax tran&ie it would have been the case with capital
income taxes which redistribute resources fromaidepeople to young individuals (savers)), the
working of such policies may boost (deteriorates)r@mic growth. In particular, the long-run
economic growth is always higher (lower) when adam-subsidy (subsidy-cum-tax) policy is
implemented.
As regards the lifetime welfare, either a subsidjeror a tax rate may be welfare-preferred
depending on the relative values of technology el as preference parameters (in general, the
higher the capital weight in production - the lowibe preference for children - is, the more a
subsidy rate instead of a tax rate is welfare pre®. Further, provided that the capital’s weight
production is sufficiently high (low), a welfare-mmising labour subsidy (tax) rate is picked up. In
particular, if the size ofr relative to those of the consumption rate of tipneference and the
parents’ preference for children parameters is higtividual's welfare is always bettered-off by
introducing proportional-to-wage labour subsidiaisajced with lump-sum taxes on the income of
the young-adult individuals) rather than proporéibto-wage labour taxes (used for the financing of
lump-sum subsidies on the income of the young-gakdiple), the latter always lowering it than in
the case of non-existence of tax policies. On thetrary, either moderate or low values af
relative to those ofg and p suggest two precise policy prescriptions: in tbemfer case, the

lifetime welfare is maximised by choosing a wagbssdy rate, whilst the latter one prescribes that
the government must fix an appropriate labour &é& such as to achieve a welfare maximum.
Finally, as regards fertility rates, the tax p@i although leaving unchanged the parents’ income,
are surprisingly capable to determined the popmragrowth rate which will be respectively higher
(lower) under wage tax (subsidy) policy as in theemce of taxes. In addition, provided sufficiently
high values ofa , the wage-subsidy rate may be used for contropiogulation growth trading off
between higher welfare and lower fertility.

Finally, it should be remarked that in this paperhave also performed a normative analysis of the
effects of proportional labour subsidy/tax policida particular, provided moderate (low) values of
the capital’'s weight in technology, a tax-cum-sdigsubsidy-cum-tax) policy aiming to maximise
the utility index of the representative generat{oecentralised economy), is able to attain the
optimal population growth rate as well (social planeconomy). Although, for instance for ethical
reasons, a government does not pursue the god?@RJas, on the contrary, it is the case with the
Chinese’s social planner), but it only aims to maige the utility index resulting by the optimal
individual choices rather than the optimal soclabices, it obtains, surprisingly, the OPGR value.
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We have sought to clarify these theoretical findinging as parsimonious a model as possible.
Finally, note that our results may have importanligations to government policies for economic
growth and welfare.
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Figure 1. The long-run income in both competitive-wagé: j and wage-subsidised/taxeg'(c))
economies. Parameter valueA:=10, a = 033, ¢ = 030, p = 050 and g = 0.10.
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Figure 2. The long-run population growth rate in both conipes-wage ') and wage-
subsidised/taxedn( (a)) economies. Parameter value&=10, a = 033, ¢ = 030, p = 050 and
g= 010.
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Figure 3. Casea >a,. The long-run lifetime welfare in both competitivage ¢/"c) and wage-

subsidised/taxedM (a)) economies. Parameter value&=10, a = 045, ¢ = 030, p = 050 and
g= 010.
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Figure 4. Casea, <a <a,. The long-run lifetime welfare in both competitivage ¢ ¢) and
wage-subsidised/taxedV{(c)) economies. Parameter valuesA=10, a = 033, ¢= 030,
p =050 and g = 010. The welfare-maximised wage subsidy ratg,js= 0.626.
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Figure 5. Casea < a,. The long-run lifetime welfare in both competitivage ¢/"c) and wage-
subsidised/taxedM (a)) economies. Parameter value&=10, a = 018, ¢ = 030, p = 050 and
g = 010. The welfare-maximised wage tax raterjs= —0.138.
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Figure 6. Casea >a,. The lifetime welfare as a function of the numbkechildren. Parameter
values: A=10, a = 045, ¢ =030, p=050 and g=010. The lifetime welfare is a negative
monotonic function of the number of children.
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Figure 7. Case a, <a <a,. The lifetime welfare as a function of the numibérchildren.
Parameter values:A=10, a = 033, ¢ =030, p =050 and g=010. The welfare-maximised
population growth rateng, = 235. If the wage subsidy rate is fixed at its optinvalue

0 =04 =0, =0626, thenn (o) =ng, = 235.
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Figure 8. Casea <a,. The lifetime welfare as a function of the numbkchildren. Parameter
values: A=10, a =018, ¢ =030, p =050 and g=010. The welfare-maximised population
growth rate ng;, = 367. If the wage tax rate is fixed at its optimalual = o, =0, =-0.138,

thenn’ (o) = ng, = 367.
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